This work is a continuation of our previous work [Z.-Q. Shao, D.-X. Kong, Y.-C. Li, Shock reflection for general quasilinear hyperbolic systems of conservation laws, Nonlinear Anal. TMA 66 (1) (2007) 93-124]. In this paper, we study the global structure instability of the Riemann solution u = U( x t ) containing shocks, at least one rarefaction wave for general n × n quasilinear hyperbolic systems of conservation laws in the presence of a boundary. We prove the nonexistence of global piecewise C 1 solution to a class of the mixed initial-boundary value problem for general n × n quasilinear hyperbolic systems of conservation laws on the quarter plane. Our result indicates that this kind of Riemann solution u = U( x t ) mentioned above for general n × n quasilinear hyperbolic systems of conservation laws in the presence of a boundary is globally structurally unstable. Some applications to quasilinear hyperbolic systems of conservation laws arising from physics and mechanics are also given.
Introduction and main result
Consider the following quasilinear hyperbolic system of conservation laws:
where u = (u 1 , . . . , u n ) T is the unknown vector function of (t, x), f : U → R n is a given C 3 vector function of u. It is assumed that system (1.1) is strictly hyperbolic, i.e., for any given u on the domain under consideration, the Jacobian A(u) = ∇f (u) has n real distinct eigenvalues λ 1 (u) < λ 2 (u) < · · · < λ n (u).
( We also assume that on the domain under consideration, each characteristic field is either genuinely nonlinear in the sense of Lax (cf. [19] ):
or linearly degenerate in the sense of Lax:
We are interested in solutions taking values in a small neighborhood of a given state in R n and, without loss of generality, we can choose this set to be the ball U := B(θ ) centered at the origin with suitably small radius θ . We first recall that the Riemann problem for system (1.1) is a special Cauchy problem with the piecewise constant initial data t = 0: u = u L , x < 0, u R , x > 0, (1.9) where u L and u R are constant states in U . It is well known that the Riemann problem (1.1) and (1.9) has a unique self-similar solution composed of n + 1 constant states separated by shock waves, centered rarefaction waves, and contact discontinuities (they are called elementary waves) provided that the states are in a small neighborhood of a given state (cf. [19] ). In the following, the set U is chosen such that the Riemann problem is always well-posed in this sense.
We assume that on the domain under consideration, the eigenvalues of A(u) = ∇f (u) satisfy the noncharacteristic condition λ r (u) < 0 < λ s (u) (r = 1, . . . , m; s = m + 1, . . . , n).
(1.10)
We are concerned with the global existence of piecewise C 1 solutions to the mixed initialboundary value problem for system (1.1) on the domain D = (t, x) | t 0, x 0 (1.11)
with the following initial condition: t = 0: u =û + + εu + (x) (x 0) (1.12) and the nonlinear boundary condition (cf. [24, 28, 34] ) 
α(t) = α 1 (t), . . . , α k (t) , u + (·), α(·), f s (·) and h s (·)
(
(1 + t) α(t) + h(t) + α (t) + h (t) < ∞, (1.18) in which h(t) = h m+1 (t), . . . , h n (t) .
Without loss of generality, we suppose that f s α + εα(t), 0, . . . , 0 ≡ 0 (s = m + 1, . . . , n). (1.19) For the mixed initial-boundary value problem for system (1.1) on the domain
with the following constant initial data: t = 0: u =û + (x 0) (1.20) and the boundary condition u(t, 0) ∈ V (û B ) (t 0), (1.21) where the set V (û B ) is defined in detail by Definition 2.1 in Dubois and LeFloch [6] . LeFloch et al. [6, [11] [12] [13] [14] obtained the following well-known result. (m) ,û (m+1) , . . . ,û (n−1) ,û (n) =û + separated by n − m shock waves or centered rarefaction waves. (The set U is chosen such that any Riemann problem (1.1) and (1.9) with data in U is well-posed.)
Contrary to [34] , in this paper we shall study the general case where various types of waves, i.e., shock waves, particularly centered rarefaction waves are present. To do so, we suppose furthermore that the self-similar solution u = U( x t ) of the corresponding Riemann problem (1.1) and (1.20)-(1.21) contains at least one centered rarefaction wave. We shall get the global structure instability result in this case. To state our result precisely, we introduce
is a centered rarefaction wave (1.22) and εT (ε) = M > 0, (1.25) where
(1.26) Remark 1.3. In the case that the disturbance on the initial value is identically equal to zero, i.e., u + (x) ≡ 0, we believe that the conclusion appears to be that the Riemann solution is global structure stable. Therefore, it is important and interesting to investigate this case. Because of space limitations, this issue will be discussed in a subsequent paper.
The blowup for quasilinear hyperbolic systems or quasilinear wave equations has been extensively studied by many well-known mathematicians in the literature (for instance, see [1] [2] [3] [4] [5] 7, 9, 17, 18, [20] [21] [22] [26] [27] [28] [29] [30] [31] [33] [34] [35] and references therein), starting from the fundamental work of John [10] . In particular, if system (1.1) is genuinely nonlinear, Kong [17] proved the global structure instability of Riemann solution u = U( x t ), containing rarefaction waves, of general n × n quasilinear hyperbolic systems of conservation laws, and also proved that the Riemann solution u = U( x t ) of general n × n quasilinear hyperbolic systems of conservation laws is globally structurally stable if and only if it contains only shock waves and contact discontinuities but no rarefaction waves. On the other hand, for the initial-boundary value problem of hyperbolic systems of conservation laws, Hsiao and Li [8] studied shock reflection for the damped p-system, paper [34] also studied shock reflection for general n × n quasilinear hyperbolic systems of conservation laws. Here, it should also be mentioned that Li and Wang [28] proved the global structure stability of Riemann solution u = U( x t ), containing only shocks and contact discontinuities, of general n × n quasilinear hyperbolic systems of conservation laws. So the following question arises naturally: can we study the global existence of piecewise C 1 solutions containing rarefaction waves for one-dimensional general quasilinear hyperbolic systems of conservation laws in the presence of a boundary? It is well known that this problem is of great importance both in theory and in application. Our work may provide a simpler approach to solve this problem, the idea we will use here has been introduced by Li et al. [26] and later refined by Kong [17, 18] , see also [9, 21] . However, due to the presence of a boundary, any waves with negative speed are expected to be reflected at the boundary, some additional difficulties appear. Thus new proofs are required to overcome them. This makes our new analysis of the blowup of the solution on the quarter plane more complicated that for the Cauchy problem case.
The rest of the paper is organized as follows. For the sake of completeness, in Section 2 we briefly recall John's formula on the decomposition of waves with some supplements and give a generalized Hörmander lemma. In Section 3, we briefly review the definition of shock wave and rarefaction wave, and then analyze some properties of waves on the shock wave and rarefaction wave, which will play an important role in our proof. Theorem 1.2 is proved in Section 4. Finally, some applications to hyperbolic systems of conservation laws in gas dynamics are given in Section 5.
John's formula, generalized Hörmander lemma
Suppose that on the domain under consideration, system (1.1) is strictly hyperbolic and (1.5)-(1.6) hold. Let and
be the directional derivative along the ith characteristic. We have (cf. [10, 23, 26] )
where
Hence, we have
On the other hand, we have (cf. [10, 23, 26] )
where 9) in which (j |k) denotes all the terms obtained by changing j and k in the previous terms. Hence,
Noting (2.3), by (2.8) we have (cf. [7] ) 12) or equivalently,
Noting (2.9), we have 
The proof can be found in Li and Kong [23] .
Shock and centered rarefaction wave
In this section, we first review the definitions of the shock wave and centered rarefaction wave, and then analyze some properties of waves on the shock wave and centered rarefaction wave, which will play an important role in our proof. 
and the Lax entropy condition:
be an angular domain, where ξ L , ξ R are two constants with
with the following properties:
then u = u 0 ( x t ) defined on Ω is called a kth standard centered rarefaction wave with the center point (0, 0).
be an angular domain, where x L (t), x R (t) are two C 1 functions of t with the following properties:
A vector function u = u(t, x) defined onΩ is called a kth centered rarefaction wave for system (1.1) with the center point (0, 0), if the following conditions are satisfied:
we have
A continuous vector function u = u(t, x) defined on R + × R + \ {(0, 0)} is called a piecewise C 1 solution with a kth centered rarefaction wave onΩ for system (1.1) if u = u(t, x) is a kth centered rarefaction wave onΩ and satisfies system (1.1) out ofΩ in the classical sense.
Definitions 3.1-3.3 can be found in [17, 19, 25] . Now we introduce
It follows from (1.2) that if |u + − u − | is suitably small, then A(u − , u + ) has n distinct real eigenvalues:
Lemma 3.1. Let u = u(t, x) be a piecewise C 1 solution with a kth shock wave for system (1.1).
Then on the kth shock wave curve x = x k (t) we have
and 14) provided that |u ± | is suitably small, where v i , w i are defined by (1.15) and (2.1), respectively, v
Lemma 3.2. Let u = u(t, x) be a piecewise C 1 solution with a kth centered rarefaction wave oñ
and
provided that |u ± | is suitably small, where v i , w i are defined by (1.15) and (2.1), respectively, v
For the proofs of Lemmas 3.1-3.2, we refer to [16, 17] .
Proof of Theorem 1.2
By the existence and uniqueness of local piecewise C 1 solution of quasilinear hyperbolic systems of conservation laws (see [25] ), when θ > 0 is suitably small, there exists h > 0 such that the mixed initial-boundary value problem (1.1) and (1.12)-(1.13) admits a unique piecewise C 1 solution u = u(t, x) containing shock waves and rarefaction waves with small amplitude on the domain {(t, x) | 0 t h, x 0}. Moreover, this solution possesses a local structure similar to that of the self-similar solution of the corresponding Riemann problem. In order to prove Theorem 1.2 we first establish some uniform a priori estimates on the piecewise C 0 norm of u and u x on some parts of the existence domain of the piecewise C 1 solution u = u(t, x).
Noting (1.2) and (1.10), we have
Thus, there exist positive constants δ and δ 0 so small that
For the time being it is supposed that on the existence domain of the piecewise
At the end of the proof of Lemma 4.5, we will explain that this hypothesis is reasonable. For any fixed T > 0, let and for i = m + 1, . . . , n,
where η > 0 is suitably small, see Fig. 1 . Noting that η > 0 is small, by (4.2) it is easy to see that
By the definition of D T i and D T , it is easy to get the following lemma.
Lemma 4.1. For each
where c and C are two positive constants independent of θ , ε and T .
Lemma 4.2. On each existence domain
{(t, x) | 0 t T , x 0} of the piecewise C 1 solution u = u(t, x), for each i ∈ {m + 1, . . . ,
n}, the whole ith wave (shock wave or rarefaction wave) is included in D T i , provided that δ is suitably small. Let
14)
x = x j (t) stands for the j th shock wave (j ∈ J S ) and
In (4.5), (4.17), (4.21), (4.22) and (4.26), on any discontinuous curve x = x k (t) the values of u i (t, x), v i (t, x) and w i (t, x) are taken to be u
In the present situation, similarly to the corresponding result in [9, 17] , we have 
where T satisfies 34) in which M * > M is a positive constant independent of θ, ε and T , and M is defined by (1.26).
Proof. We first estimate W (D T − ). (i) For
j = 1, . . . , m, passing through any fixed point (t, x) ∈ D T − , we draw the j th character- istic c j : ξ = ξ j (s; t, x) which must intersect the boundary x = (λ n (0) + δ 0 )t of D T at a point (t 0 , y).
Proposition 4.1. On this j th characteristic c j : ξ = ξ j (s; t, x), it holds that
Proof. Noting (4.3), it is easy to see that
On the other hand, by (4.7) we have where S 1 denotes the set of all indices k such that this j th characteristic ξ = ξ j (s; t, x) intersects the kth shock wave curve 
henceforth C i (i = 1, 2, . . .) will denote positive constants independent of θ, ε and T . Thus, noting the fact that j / ∈ S 1 , and using (4.12), (4.29) and (4.35), we obtain from (4.40) that 
Thus, noting (1.10) and (4.5), for δ > 0 small enough, by (4.43)-(4.44) we easily get
where f sj ,f si andf sl are continuous functions of t and u.
(ii) For j = m + 1, . . . , n, passing through any fixed point (t, x) ∈ D T − , we draw the j th characteristic c j : ξ = ξ j (s; t, x) which must intersect the t-axis at a point (t 0 , 0). 
On the other hand, by (4.7) we have By employing the same arguments as in (i), we can obtain
Thus, noting (1.18), (4.5) and (4.47), it follows from (4.52) and (4.53) that
Hence, it follows from (4.51) that
γ jkl (u)w k w l s, ξ j (s; t, x) ds
Combining (4.42) and (4.55) leads to
We next estimateW 1 (T ). LetC
where t * , t * are the time coordinates of the intersection points, denoted by P * (t * , x j (t * )) and P * (t * , x j (t * )), respectively, ofC j with the boundary of D T i and satisfy 0 t * t * T . By Lemma 4.2, the whole ith wave (shock wave or rarefaction wave) is included in D T
i . In what follows, we only consider the case of rarefaction wave, while the case of shock wave can be dealt with in a way similar to [16] . Let P 1 (t 1 , x j (t 1 )) (respectively, P 2 (t 2 , x j (t 2 )) be the intersection point ofC j with the left (respectively, right) boundary of the rarefaction wave. Passing through the point P * (t * , x j (t * )) (respectively, P * (t * , x j (t * ))) we draw the ith characteristic which intersects the straight line where S 2 stands for the set of all indices k such that the kth shock wave curveĈ k : x = x k (t) is partly contained in the domain P 2 OA * P * , and
w i t, x j (t) λ j u t, x j (t) − λ i u t, x j (t) dt
Noticing (3.16), in (4.59) we need not consider the case that the kth wave is a rarefaction wave. Using (4.2), (4.5), (4.12), (4.27) and (4.29), and noting the fact that i / ∈ S 2 , we get
Similarly, we have
Thus, we get r = 1, . . . , m, passing through any fixed point (t, x) ∈ D T , we draw the rth characteristic c r : ξ = ξ r (s; t, x) which must intersect the boundary x = (λ n (0) + δ 0 )t of D T at a point (t 0 , y). 
∞ (T ) log(1 + T ) . (4.65) We next estimate W c ∞ (T ). (i) For

Proposition 4.3. On this rth characteristic c r : ξ = ξ r (s; t, x), it holds that
Thus, noting the fact that r / ∈ S 3 , and using (4.12), (4.29) and (4.66), we obtain from (4.71) that , it is easy to see that 
. By (4.77), it is easy to see that
Thus, noting (2.10) and the fact that i / ∈ S 4 , using (4.12), (4.29) and (4.77), it follows from (4.78) that
While, when
similarly we have
Combining (4.80) with (4.82) and (4.73), we get
We next estimate W *
J S (T ).
For any given point (t, x j (t)) (t ∈ [0, T ], j ∈ J S ) on the j th shock wave curve x = x j (s), let ξ = ξ j (s; t, x j (t) + 0) be the j th characteristic passing through (t, x j (t)) to the right side of x = x j (s), which must intersect the boundary x = (λ n (0) + δ 0 )t of D T at a point (t 0 , y).
Proposition 4.4. On the j th characteristic ξ = ξ j (s; t, x j (t) + 0), it holds that
t 0 s k 0 λ j û (j −1) ,û (j ) − λ j û (j ) −1 t 0 , ∀s ∈ [t 0 , t],(4.
84)
where k 0 is a positive constant independent of θ, ε and T . where S 5 denotes the set of all indices k such that the j th characteristic ξ = ξ j (s; t, x j (t) + 0) intersects the kth discontinuous curve
. Multiplying both sides of (4.85) by (1 + t)(x j (t) − λ j (u(t, x j (t) + 0))) and noting (4.5), (4.12), (4.29), (4.41), (4.84) and the fact that j / ∈ S 5 , we get
Thus, we get
In a way similar to (4.88), we can prove -axis at a point (0, y) . By exploiting the same arguments as in (i), we can obtain
The j th backward characteristic c j intersects the t-axis at a point (t 0 , 0). By integrating (2.5) along ξ = ξ j (s; t, x) and using (3.15), we have
where S 7 denotes the set of all indices k such that the j th characteristic ξ = ξ j (s; t, x) intersects the kth shock wave curve x = x k (t) at a point (t k , x k (t k )), and
. Noting (1.19), by (1.13), it is easy to get
Then, using (1.18), (2.7), (4.5), (4.12), (4.28) and (4.91), and noting the fact that j / ∈ S 7 , we obtain from (4.93) and (4.94) that
Combining (4.91) with (4.92) and (4.96), we get
We now prove (4.30)-(4.33) and
provided that (4.34) holds. Noting (1.12) and (1.18), evidently we have
and 
provided that (4.34) holds. To this end, substituting (4.103)-(4.106) into the right-hand sides of (4.56), (4.64), (4.65), (4.83), (4.88), (4.89) and (4.97) (in which we take T = T 0 ), we get 
This implies the validity of the hypothesis (4.5). The proof of Lemma 4.5 is finished. 2 Lemma 4.6. Under the assumptions of Theorem 1.2, for small θ > 0 there exists a constant ε 0 > 0 so small that for any fixed ε ∈ (0, ε 0 ], the mixed initial-boundary value problem (1.1) and (1.12)-(1.13) admits a unique piecewise
is a constant independent of θ and ε. Moreover, there exists a positive constant k 7 independent of θ and ε such that the following estimate holds:
where, on any discontinuous curve x = x k (t), the values of w
Proof. By the existence and uniqueness of local classical discontinuous solution of quasilinear hyperbolic systems of conservation laws (cf. [25] ), when θ > 0 is suitably small, there exists h > 0 such that the mixed initial-boundary value problem (1.1) and (1.12)-(1.13) admits a unique piecewise C 1 solution u = u(t, x) containing only shock waves and rarefaction waves with small amplitude on the domain {(t, x) | 0 t h, x 0}. In order to prove Lemma 4.6, it suffices to establish a uniform a priori estimate on the piecewise C 0 norm of u and u x on the domain {(t, x) | 0 t σ ε −1 , x 0}, where σ (0 < σ < M) is a constant to be determined later, independent of θ and ε. By (4.33), we know that
on any given existence domain {(t, x) | 0 t T , x 0} of the piecewise C 1 solution u = u(t, x), where T satisfies (4.34). Therefore, in order to prove Lemma 4.6, it suffices to prove (4.118).
To do so, we introduce (ii) For j = m + 1, . . . , n, for any fixed point (t, x) on the existence domain of u = u(t, x), we draw the j th backward characteristic c j : ξ = ξ j (s; t, x) passing through this point. Here, there are only two possibilities:
(a) The j th backward characteristic c j intersects the x-axis at a point (0, y). By exploiting the same arguments as in (i), we can obtain where S 9 denotes the set of all indices k such that the j th characteristic ξ = ξ j (s; t, x) intersects the kth shock wave curve x = x k (t) at a point (t k , x k (t k )), and
. Then, using (1.18), (3.14), (4.52), (4.119) and (4.122), and noting the fact that j / ∈ S 9 , we get from (4.124) that
Combining (4.122) with (4.123) and (4.125), we get
By choosing θ > 0 suitably small, we have
This yields 1) and (1.12)-(1.13) there exists a positive constant k 8 independent of θ and ε, such that the following estimate holds: 
Proof. By (4.32) and (4.33), we have from Lemma 4.4 that (4.129) provided that θ > 0 is suitably small. This finishes the proof. 2
Proof of Theorem 1.2. By Hadamard's formula, we have
Thus it follows from (1.12), (1.15) and (2.1) that
On the other hand, noting (1.16), (1.18), (1.24) and (2.11), without loss of generality, we may suppose that there exists a point x 0 > 0 such that
We also know from (4.132) that
Therefore, by choosing θ > 0 suitably small, we conclude from (4.133) that
By Lemma 4.6, there exists a positive constant σ independent of θ and ε, such that for ε > 0 suitably small, the mixed initial-boundary value problem (1.1) and (1.12)-(1.13) admits a unique piecewise C 1 solution u = u(t, x) on the domain {(t, x) | 0 t T , x 0}, where for t > T 0 (cf. [17] or [26] ). We denote by (T 0 , X 0 ) the intersection point of this characteristic with the straight line (4.137) where S 10 denotes the set of all indices k such that the i 0 th characteristic x = x i 0 (t, x 0 ) intersects the kth shock wave curve x = x k (t) at a point (t k , x k (t k )), and (3.16) , in (4.137) we need not consider the case that the kth wave is a rarefaction wave. Thus, noting the fact that i 0 / ∈ S 10 , and using Lemmas 4.3, 4.5, 4.7 and 4.8, we obtain from (4.137) that
provided that θ > 0 is suitably small. We now consider the following initial value problem for ODE:
In a manner similar to the proof of Theorem 1.3 in [18] (cf. [9, 17] ), we can prove Theorem 1.2 without any essential difficulty. Here, we omit the details. 2
Application
Global structure instability of Riemann solutions containing one rarefaction wave in planar steady supersonic flow
Consider the problem of planar steady supersonic flow past a straight wedge with right vertex angle (cf. [15, 36] 
where (u, v) and ρ are the velocity of flow and the density, respectively, which satisfy the following Bernoulli equation It is well known that the problem (5.1) admits a unique self-similar solution composed of the constant state U ∞ and a constant state U 0 , and in Ω separated by a straight shock line issuing from the vertex (cf. [15] ). However, we assume the incoming supersonic flow to be a small perturbation of the steady one, the problem whether the solution containing one rarefaction wave is global structure stable and how it develops is more interesting and more important. In order to study this problem, we consider the following mixed initial-boundary value problem:
with the initial condition (as usual, we regard the x-direction as the time direction)
and the boundary condition
where u − (y) and v − (y) are C 1 functions on y 0, which satisfy
Moreover, the conditions of C 0 compatibility are not satisfied at the point (0, 0). Let
It is easy to see that in a neighborhood of U − = u − 0 , system (5.4) is strictly hyperbolic and has the following two distinct real eigenvalues: For general small and decay initial data without small parameter ε, we can prove similar blowup results. Therefore, Theorem 5.2 implies that the Riemann solution containing one rarefaction wave in planar steady supersonic flow is globally structurally unstable.
Global structure instability of Riemann solutions for p-system
Consider the following mixed initial-boundary value problem for the p-system, i.e., the system of one-dimensional isentropic gas dynamics in Lagrangian coordinates (in the absence of dissipative effects) (cf. [6, 32] ): 
